The transmission coefficient of a plane electromagnetic wave into a cold, inhomogeneous, mag netized, deuterium plasma half-space and its eventual absorption at the lower-hybrid layer is com puted numerically for a wide range of parameters. It is found that TM (transverse magnetic) waves incident at small angles with the vacuum-plasma interface couple into the plasma provided that o)]ojc\ < 20. Assuming that coupling to the lower-hybrid resonance in the cold-plasma approxima tion is an indication of accessibility to the ion-cyclotron-harmonic waves in the hotplasma case, an alternative statement of the results obtained is that efficient coupling is possible from the second till the twentieth harmonic of the ion gyrofrequency using an antenna that launches TM waves at an approximately grazing incidence on the plasma surface. Simple configurations for coupling rf energy into thermonuclear plasma are suggested.
Introduction
In the wake of the success in plasma confinement in toroidal machines, the problem of igniting thermo nuclear plasmas has assumed added importance. Radio-frequency heating has long been a promising contender for realizing this goal. In the cold-plasma approximation, the two possible methods of ion heating exploit the ion-cyclotron and lower-hybrid resonances, respectively. Of these two possibilities, only the latter is feasible if we wish to avoid mag netic field deformations using a "magnetic beach" configuration. The hot-plasma counterpart of the lower-hybrid resonance is the ion-Bernstein modes which have regions of strong absorption, in the presence of magnetic field gradients, at the har monics of the ion gyrofrequency. Before the ex tremely complicated question of ion-cyclotron har monic heating can be tackled, it would be instructive to attempt a detailed understanding of the lowerhybrid heating.
Central to the problem of rf heating is the mecha nism for coupling the energy from an antenna lo cated in the vacuum, into the resonant region in the interior of the plasma where absorption eventually occurs. The electromagnetic wave launched by the antenna, during its advance into the magnetized plasma of gradually increasing density converts into a slow electrostatic wave, eventually encountering a region of very high refractive index and low group velocity in the vicinity of the lower-hybrid reso nance. Some dissipation mechanism such as colliReprint requests to S. Puri, Max-Planck-Institut für Plasmaphysik, D-8046 Garching, FRG.
sions would then result in efficient absorption of the wave energy. The important question arises: what fraction of the energy launched by the antenna is admitted into the plasma?
Though precisely stated, the solution of this prob lem presents a formidable analytical challenge. A really satisfactory approach remains elusive despite some noteworthy attempts.
For optimum transmission it is clearly desirable that nj., the refractive index in the direction of the density gradient be real everywhere between the antenna and the resonant layer. From an analysis of the cold-plasma dispersion relation, Stix 1 con cluded that this condition for propagation is satisfied (except in a narrow region of inconsequential im portance near the plasma edge) if nz> 2 { l+ w le/co%) (1.1) where nz is the refractive index along the static magnetic field direction. Through certain algebraic improvements, Parker2 and Golant3, respectively, arrive at the following less stringent variations of the propagation condition, nz> l +cope/coce (1.2) and nz> \ + (0Jpe/c0C e)2.
(1.
3)
The methods suggested for obtaining the required longitudinal retardation include the Stix coil1, gap excitation 2 or a slow wave structure 3' 4. With this provision one may anticipate using the WKB theory that the wave propagates without reflection pro vided that the refractive index is a slowly varying function of position. Although perhaps valid in the intermediate region, this so-called adiabaticity con dition is severely violated both at the vacuum-plasma interface 2' 3 and near the resonant layer in the inte rior of the plasma Using singular turning point analysis, Budden5 and Stix 1 have shown that the wave propagates from the intermediate region to the hybrid layer and is completely absorbed without reflection. The crucial question of a possible mismatch at the vacuum-plasma interface is treated in almost iden tical manners by Parker2 and Golant3. Paradoxi cally in their analyses, the thin evanescent region near the plasma edge, which was considered incon sequential by Stix assumes critical importance. Unfortunately, they both seem to err in neglecting the Ez' term 6 in comparison with the Ez term in the differential equation for the electric field. This over sight would render their calculations of plasma im pedance incorrect.
In recognition of the inadequacy of the WKB theory and in the absence of a satisfactory alter native for an analytical approach, several authors have resorted to purely numerical means for study ing the hybrid resonances 5> 7' 8. Though lacking the elegance of an analytical solution, essentially exact results can be obtained through the use of numerical computations.
In this paper transmission of a plane electro magnetic wave into a cold, inhomogeneous, magne tized, deuterium plasma half-space, as well as its eventual absorption at the lower-hybrid layer, is computed numerically for a wide range of para meters. This work distinguishes itself from previous such attempts both in the scope and the accuracy of the results obtained. The case of oblique incidence is treated employing the complete cold-plasma dis persion and the transmission co-efficient is calculated for a wide range of parameters including the angle of incidence, wave polarization, collision frequency, ratio of electron-plasma to electron-cyclotron fre quency, and for several density gradients.
By far the most significant point of departure in our approach to coupling rf energy into thermo nuclear plasmas is the awareness of the fact that in an actual reactor, erection of any structure, whatso ever, is undesirable even if not altogether ruled out. In the absence of such structures, the plasma and the reactor walls constitute a partially filled wave guide in which (barring some pathological circum stances) nz is necessarily less than unity. In Ref. 9 it is shown that in such a plasma-filled waveguide quasi-TEM coaxial waveguide-like modes are in variably present with n2< 1 even when the freespace wavelength of the rf field greatly exceeds the transverse waveguide dimensions.
Therefore, we shall confine our attention 10 to the case when the electromagnetic wave is incident on the plasma surface at angles between 0 and nj2. Although this choice is in obvious conflict with the criteria of (1.1) -(1.3), we shall see that it is in deed possible to create conditions of efficient cou pling for a broad range of parameters pertinent to the thermonuclear conditions, thereby confirming the validity of the antenna configurations suggested in the preliminary results of Reference n .
The density profile is taken into account using a stratified plasma model. This model becomes exact as the number of slabs tends to infinity and the thickness of each slab approaches zero. In practice, an acceptable approximation is obtained by making each plasma slab much thinner than the local value of the wavelength. The absorption mechanism con sidered is the momentum transfer collisions between electrons and ions using the Langevin model.
Beyond the inaccuracies inherent in the Langevin collision model and the stratification of the plasma profile, the problem can be treated exactly. For the four plasma waves occuring in each slab, four boundary conditions exist requiring the continuity of the tangential electric and magnetic fields. Figure 1 shows the orientation of the axes used in the computations. The plasma half-space extends from x = 0 to x = oo, the static magnetic field B0 hybrid layer Fig. 1 . The co-ordinate system. is along the ^-direction and the angle of incidence cp is defined as the angle between the vacuum wave vector and the plasma surface. All field quantities are assumed to possess space and time dependence exp i(kxx + kzz -co t) with no variation in the ^/-direction. The full cold-plasma dielectric tensor used in a plasma slab of uniform electron density ne is, where where m is the electron mass and is the electronion momentum transfer collision frequency accord ing to Spitzer 12. We shall specify ve[ by the equiva lent temperature T. This results in a variable value of >'ei across the inhomogeneous plasma column. It should, however, be borne in mind that apart from specifying vei, T does not imply any departure from the cold-plasma theory. The mean value of vej aver aged in the region 0 < £ < g will be denoted by (ve[).
The Method of Solution
The plasma density is assumed to rise linearly from ne = 0 to ne = nmax as x increases from x = 0 to x = g and thereafter stays constant as shown in Figure 1 . The region 0 < £ < g is stratified into 99 slabs while x > g forms the 100th slab.
Defining K l = K l -nz2, the dispersion relation may be written as
Corresponding to the four roots of this equation, the .r-components of the electric fields associated with the four waves in a given plasma slab are ,± exp i (kT *± x + kzz -oo t) (2.7) while Ey , Ez, Hx , Hy , Hz may be expressed in terms of Ex using the dielectric tensor and the Max well's equations. The indices f (fast) and s (slow) correspond respectively to the smaller and the larger roots of nx2. For each of the roots nx2, the two waves associated with ± nx are labled plus and minus respectively so that nx+ = -nx_. The slow wave is the quasi-extraordinary mode which en counters the resonance at the lower-hybrid layer as Kj.-0. In the slab to the right of x = g, there are only two waves, one fast and one slow, each of which decays for increasing x, there being no sources at infinity. In the vacuum region, there is an incident wave (either TM or TE) of unit amplitude and two reflected waves, one TM and one TE.
If /?tm and R-^e are the amplitudes of the reflected TM and TE waves, the total reflected energy is given by R2 = \RTx 2 + ' Rte ,2? so that the fractional transmitted energy is given by (1 -R2) .
One may readily verify that the number of un determined quantities exactly equals the boundary conditions. The resultant set af 400 complex, linear, algebraic equations is solved using standard com putational methods. In order to obtain maximum computational accuracy, the slab widths Ax are ad justed so that the phase change A = ! kxB Ax' in each slab is approximately equal. Typically for the case <7= lern, J<Z>/2 n: < 1/30 in each of the slabs while in the slabs lying in the immediate vicinity of the hybrid layer A<P/2 .i < 1/300. In the neighbour hood of the resonance !lm(A;xs)| 1 and quantities like exp [*'(&/2) ] create overflow problems. This difficulty is circumvented by transforming the axis a: = 0 to the hybrid layer during the computational phase.
Checks performed on the continuity of the normal components of the Poynting vector 1/2 (E x H * )x , electric displacement e0(K-E)x and magnetic induc tion «0 Hj-across each of the slab boundaries in dicated a computational accuracy exceeding one part in a million. By far the most stringent test involves establishing in each plasma slab the equality of di vergence of the Poynting vector V ' [1/2 {E x H*) ] with the rate of change of stored energy -(ioj/2)[s0(E* x K x E ) * -ju0H2] with an accu racy better than one part in a thousand. Convinced that the computations by themselves introduce no considerable error, we are in a position to test the accuracy of the slab model itself. To this effect the computations for the case T = 3 x 104 °K, g = 1 cm, co/coci = 10 were repeated with 67, 51, 34 and 26 slabs, respectively. The maximum deviation of ±15% occurs in the region where (1 -/?2) ~ 0.5 and uniformly tapers off to less than ± 3% for 0.1 < ( 1 -Ä 2) <0.9.
A representative Case
In this section a representative case with para meters of Table 1 and cp = 1 ° will be studied in detail. The computed transmission co-efficient is 0.98, i. e., almost the entire incident energy goes into the plasma. It will be presently shown that about 81% of this energy couples into the slow wave and is absorbed near the lower-hybrid resonance, while the rest is coupled into the fast wave and pro pagates practically unattenuated. The propagation constant kx for this case is shown in Fig. 17 a and is real everywhere except for a narrow region near the plasma edge 13. The real part of the a;-component of the electric field is sketched in Figure 2 . The slow wave field increases rapidly reaching an amplitude of over 100 times the vacuum value at the hybrid layer and then drops suddenly. Starting with a almost equal value, the fast wave field stays constant and is impervious to the presence of the hybrid layer.
The x-component of the real part of the Poynting vector [1/2 (E x H * )]x has a sharp drop at the hybrid layer where the dissipation density -V • [1/2 (E x H*) ] registers a strong peak (Fig  ure 3) 14. Assuming that to the right of the hybrid layer, energy is carried by the fast wave only, we can estimate from Fig. 3 that of the total energy coupled into the plasma about 81% goes into exciting the slow wave and 19% into the fast wave. Although the relative energies coupled into the slow and fast waves varies in a complicated manner as a func tion of cp and cope/ coce, for TAI polarization it was found for the parameter range studied that always more than 59% of the total energy coupled goes into the slow wave. For TE polarization, on the other hand, the maximum energy coupled into the slow wave is only 31%.
The energy density e = (l/4)[e0E* -d (coK)/dco-E -f ju0 H2] at the hybrid layer is over ten thousand times larger than the vacuum value (Figure 4 ). Thus in a waveguide partially filled with plasma, only a small fraction of the total energy resides in the vacuum region, while most of it is concentrated near the hybrid layer. Since the fractional dissipation of energy in the plasma may be much less than the dis sipation of the vacuum energy by the metal walls, the quality factor
V V of a plasma filled waveguide may be greater than the empty waveguide Q 9.
As expected, near the hybrid layer the relative energy (e-Js) stored in the ions is much larger than the relative energy (ee/s) in the electron component ( Figure 5 ). The ratio (£i/ee) ~ 37 and is precisely the value calculated from simple analytical consider ations neglecting the longitudinal electric field Ez . If in addition to the electron-ion collisions, some other mechanisms (like cyclotron-harmonic absorp tion in a hot plasma) for directly dissipating the ion energy were available, both the dissipation density characteristics and the waveguide Q will be pro foundly altered. Figure 5 also shows the relative energy (ey/e) in the electromagnetic field.
The group velocities vgx = Sco/3 kxs and v*f = dco/dkl'3 are shown in Figure 6 . For the slow wave both vgx and vgz become progressively smaller as the hybrid layer is approached. However, since the ratio vgz\vgx is always increasing, an energy pulse launched at the plasma edge and travelling with the group velocity of the slow wave advances at a monotonically decreasing angle with the static mag netic field direction as shown in Figure 7 2' 15,16.
Varying the Param eters
In this section the effect of varying the collision frequency , the ratio cope/coce of electron-plasma to electron-cyclotron frequency, and the profile width ' V will be studied both for the TM and TE polarizations for incidence angle cp varying between 0.01° and 89°. The ratio nmax/n^ of the maximum electron density to the density at the hybrid layer, is kept fixed equal to 1.3 through all the computa tions in this paper.
(a) The Collision Frequency Figure 8 shows the transmitted energy as a func tion of cp for several values of T for an incident TM Fig. 8 . Transmission coefficient (1 -R2) as a function of cp and T for an incident TM wave using all other parameters as given in Table 1 .
wave using the parameters of Table 1 . For the sake of comparison, the energy transmission coefficient into stainless steel is also shown (dashed line). It is seen that the effect of decreasing or increasing T ( r = 1 0 6 corresponds to (vei)/co~ 10-4), is to in troduce fluctuations in the transmission co-efficient while the general trend of rapidly decreasing trans mission 17 with increasing cp is largely unaffected. Similar curves for an incident TE wave are shown in Figure 9 . In this case maximum transmission occurs near cp ~ 30° which is certainly in variance with a simple WKB model. The effects caused by changing T are akin to the TM case already decribed.
(b) Varying cope/coce
In a fusion machine, ion-cyclotron harmonic heat ing must replace the lower-hybrid heating 18. Since the rf frequency in this case is unlikely to exceed the tenth harmonic of the ion-cyclotron frequency, all the preceding calculations as well as the calculations in Ref. 9 were performed with a>/coc; = 10, with the corresponding 19 value of &)pe/coce = 0.17. Assuming that for lower values of o)pe/coce the accessibility is easier, the choice of co/&)c; = 10 presents the most extreme situation likely to be faced in a thermo nuclear plasma. Fig. 9 . Transmission coefficient as a function of cp and T for an incident TE wave using all other parameters as given in Table 1 .
parameters of Table 1 .
In order to make this work pertinent to current laboratory plasmas the computations of Ref. 9 will be extended to cover a wider range of oj/coc\ . Fig  ure 10 shows the transmission coefficient for an incident TM wave for several different values of oj/o>c; or cope/ojee given in Table 2 . As might be expected from the propagation condition, there is poor transmission for large values of &)pe/oDce. Fre quencies above the twentieth cyclotron harmonic may be considered lacking accessibility. Although there is evidence of poor coupling for the low-harparameters of Table 1. monies (e.g., co/coc; = 2) as well, it will be seen in Sec. IVc that transmission improves upon making the density profile less steep. In all the cases, the best coupling takes place near cp ~ 1° which would seem to confirm the deployment of antenna configu rations already arrived at in Reference n . Although The curves for TE polarization displaying a more regular behaviour as a function of cope/coce are shown in Fig. 11 and should also be read in con junction with Table 2 . Table 1 .
(c) The Density Profile
As the profile width "<7" is increased with a resul tant less steep density profile, the adiabaticity con dition of the WKB theory is better realized and one can expect an improvement in transmission. On the other hand an increase in the profile width enlarges any evanescent region present between the plasma edge and the hybrid layer. Evanescence increases both for increasing cp and cope/coce . Table 1 .
In view of the two competing effects better trans mission should be obtained for small cp and a>pe/a)ce, while decreased transmission is to be expected for large cp and cope/o)ce as the profile width "g" is in creased keeping all other parameters unchanged. ]Q o These conclusions are eminently borne out in Figs. 12 -14 drawn for three different values of a>pe/coce -soo for an incident TM wave as well as in Fig. 15 for 500
the case of an incident TE wave using cope/coce = 0.17.
(d) The Propagation Characteristics
The propagation constant kx is plotted as a func tion of position for several cp and for three different values of <wpe/coce in Figs. 16-18 for both the slow and the fast waves. The unprimed and the primed curves correspond to the case T = oo (ve; = 0) and 7' = 3 x l 0 4OK, respectively. Typically there is a region of complex waves near the plasma edge which widens for increasing cp (or decreasing nz) as well as for increasing cope/coC Q . This behaviour is easily 500 E 001°k < *> ; oi 100t-* A similar expansion of (2.6) for higher densities would expose that while one of the roots of nx2 displays a resonance as K\_-0, the other root is relatively unaffected by the presence of the hybrid layer 1_3.
The most important conclusion of this section is that for the case n2< l , the region of evanescence near the plasma edge is narrowest for small angles of incidence, in which case the width of the evanes cent region deducable from (4.4) is seen to be the least for small values of co/o>ci.
Discussion
The principal motivation for this work was to determine whether it is possible to gain accessibility to the lower-hybrid resonance in a plasma of thermo nuclear parameters under the restriction nz<i 1, in which case it would be possible to couple rf energy into propagating waveguide modes9 using simple waveguide coupling techniques. This approach to coupling has the important advantage that no struc tures or coils are required to be built inside the reactor walls thereby obviating the attendent techni cal difficulties 21.
The most significant result obtained is that for o)pe/a)ce< 0.4 and 9?~1°, the TM vacuum wave is almost completely transmitted into the plasma. Since both the electric and the magnetic fields of the wave, for the above case, are transverse to the z-axis (the static magnetic field direction), the field configura tion is reminiscent of TEM waves in a co-axial wave guide. Thus in a small laboratory plasma, a current loop oriented to produce an azimuthal rf magnetic field will launch waves which will easily couple into the plasma. In a larger machine where the free-space wavelength of the rf field exceeds the transverse machine dimensions, the optimum antenna will con sist of a waveguide with its axis along the magnetic field direction and the short dimension perpendicular to the plasma surface. As discussed in Ref. n , in a large machine, the antenna problem may indeed be uncritical: the part of the energy not at once trans mitted into the plasma will bounce back and forth between the plasma and the metal wall, because due to the large machine dimensions involved, propa gating modes could exist in the vacuum region be tween the plasma and the metal wall. Given a better possibility of penetration into the plasma compared to the metal wall, this coupling would be affected with a high efficiency. possible to learn at a glance the minimum static magnetic field B0 necessary for accessibility (i. e., ce 0.4) for any given plasma density. Per haps, an easier way to define the region of accessi bility is by noting that wave penetration occurs for eo/eocj < 20. We do not hazard a guess as to the pertinence of the accessibility criteria developed in this paper for a hot plasma. However, it has been claimed by several authors23-26 that propagation from the plasma edge till the hybrid layer is not materially affected by the inclusion of finite temper ature effects. In that case, an obvious inference from the present results is that all the ion-cyclotron har monics from the second till the twentieth are acces sible to TM vacuum waves incident at small angles on the plasma surface. In a torus machine, it is not feasible to heat the plasma above the tenth ioncyclotron harmonic even for tori of large aspect ratio if one wishes to avoid heating near the plasma edge. One may then, in fact, say that lower-hybrid resonance and consequently the ion-cyclotron har monics are accessible for thermonuclear parameters as was already concluded in the preliminary results of Reference n .
The above observations, namely that penetration occurs for small cp and cope/a)ce supports the conten tion that there should not be a substantial region of evanescence between the plasma edge and the hybrid 1 10 100 200 layer, i.e., | Im (/£ nx dx) | should not be too large. The converse, however, is not true. The wave may be almost completely reflected (see Figs. 10 and 11 for cp -> 0) even though kx is real (Figs. 16 -18 ) prac tically over the entire region 0< :r< A . Therefore only the comprehensive concept incorporating the propagation condition and taking into account the lack of adiabaticity would constitute a valid defini tion of accessibility. In conclusion we believe that this paper should bring us to a better understanding of the problem of lower-hybrid penetration and provide the experimen talist an elegant and technically simple solution for coupling rf energy to a plasma. The ultimate fate of the coupled energy in a hot plasma, the complex nonlinear and parametric effects due to the buildup of inevitably large localized electric fields, as well as the effect of complicated particle trajecteries across magnetic field gradients in a torus, are but a few of the questions which must be settled before a fully satisfactory understanding of rf heating of thermo nuclear plasmas can emerge.
